The Weyl equation describes chiral massless relativistic particles, called Weyl fermions, which have important relations to neutrinos. A direct observation of the dynamics of Weyl fermions in an experiment is difficult to achieve. This study investigates a method of simulating the Weyl equation in 1+2-dimension by a single trapped ion. The predictions about a two-dimensional Zitterbewegung and an especially interesting phenomenon of Weyl fermions can be tested by the future trapped ion experiment, which might enhance our understanding of neutrinos.
INTRODUCTION
The Weyl equation can be derived from the Dirac equation as rest mass equals zero. Neutrinos have a nonzero tiny mass; hence, the Weyl equation can be used to approximately describe neutrinos. In the Standard Model of particle physics (SM), neutrinos are assumed to be massless, and only left-handed neutrinos exist [1] . The following remains to be an open question: why do lefthanded neutrinos exist, but not right-handed neutrinos? Neutrinos do not have an electric charge, and are difficult to detect. Moreover, its properties are still not exactly clear. An analog quantum simulation [2] [3] [4] [5] [6] of the Weyl equation in a trapped ion system might enhance our understanding of neutrinos and the electro-weak interaction. Analog quantum simulators aim at using controllable systems to simulate systems that are hard to access in an experiment. Some examples of the analog quantum simulation are as follows: a black hole is simulated in Bose-Einstein condensation by sonic gravitation correspondence [7] ; the Klein paradox is simulated using two ions [8] ; the Majorana equation and unphysical operations are simulated using a trapped ion [9] ; and quantum field theory is simulated using trapped ions [10, 11] . The Zitterbewegung phenomenon, which is a trembling motion for quantum-relativistic particles, including Weyl fermions, has been widely discussed in the recent years [12] [13] [14] [15] [16] [17] . For example, the theoretical proposal and the experimental result of the quantum simulation of the Dirac equation and Zitterbewegung have been provided by [12, 13] . The neutrino's Zitterbewegung has been discussed by [14] .
We present herein a method of simulating the 1 + 2-dimensional Weyl equation by the analog quantum simulator. The two-dimension Zitterbewegung of Weyl fermions can be tested by the trapped ion experiment. Another interesting phenomenon that can be tested by the experiment is the central symmetric Weyl fermion initial state that will evolve into a non-central symmetric state. We show that the Weyl equation evolution can be simulated in a single trapped ion using red-and blue-sideband (bichromatic) laser beams from the x-and y-directions, respectively. The initial state is prepared by Doppler cooling, sideband cooling, and displacement Hamiltonian. The average momentum of the simulated particle is adjusted by the displacement Hamiltonian. We can use the wave function reconstruction method [13] to obtain the average position and possibility distribution at a certain time t by measuring the excited state's population.
EFFECTIVE HAMILTONIAN
The Weyl equation is written as follows:
where σ i (i = x, y, z) are Pauli matrices; c is the speed of light; and Ψ L is the state of the left-handed twocomponent Weyl fermions.
We consider an ion trapped in the linear Paul trap to simulate the Weyl equation. For simplicity and to not lose generality, we choose the 40 Ca + -ion as an example. After Doppler cooling and sideband cooling, the trap potential of the ion is treated as a harmonic potential, and the external state of the ion is treated as a quantum harmonic oscillator. The external state of the ion is quantum state and determined by the number of phonons. Each phonon's energy is ω (Fig. 1) 
where |α| 2 + |β| 2 = 1. The 397 nm laser beam is used in the electron shelving method [18] to detect |β| 2 . The simulated spinor state is defined as follows: where ρ represents the external state of the ion and
One can perform the coupling between the external and internal states of the ion by the red-and bluesideband laser beams. The red-and blue-sideband photons energies are equal to the 729 nm photon's energy minus and plus a phonon's energy, respectively. The Hamiltonian of Jaynes-Cummings (JC) interaction (or as we call, red-sideband excitation) is used, which reads [18, 19] :
where η = k /2mω is the Lamb-Dicke parameter; m is the ion's mass; a † and a are the creation and annihilation operators of phonon (acting on external state), respectively; Ω is the coupling strength; k is the wave number of the laser field [12] ; φ r is the phase of the redsideband laser beam; and σ + and σ − are the operators acting on the internal state α|0 + β|1
The Hamiltonian of the anti-Jaynes-Cummings (AJC) interaction (or as we call, blue-sideband) is also used, which reads:
where φ b is the phase of the blue-sideband laser beam. The momentum and position operators of the ion are presented as follows:
We apply the bichromatic laser fields in the x-direction. The effective Hamiltonian can be obtained as follows by
Similarly, in the y-direction, we set φ r = 0, φ b = π, and the effective Hamiltonian is obtained as follows:
If the bichromatic laser beams synchronously exist in the x-and y-directions, and Ω = Ω x = Ω y , then the total effective Hamiltonian is derived as:
where c := ηΩ 2 mω is the speed of light. The simulated equation can be presented as:
Here, only the σ zpz term cannot be simulated. It is still interesting to know when the simulated equation is the 1 + 2-dimension Weyl equation because it involves the two-dimensional Zitterbewegung and an interesting phenomenon of Weyl fermions. These two novel phenomena of the Weyl fermions in the 1 + 2-dimension cannot be shown in the 1 + 1-dimension Dirac equation simulation [13] .
INITIAL STATE PREPARATION AND ITS EVOLUTION
One has to prepare the initial state before simulating the evolution of the Weyl equation. First, Doppler cooling and sideband cooling are needed, and the exter-nal state in the x-and y-directions should be cooled to ground state (phonon's number equals 0). The external state is a Gauss wave function, while the internal state can be chosen such that:
Here,
2 is used, and ∆ = 2mω . Second, the external and internal states can be further adjusted. We add the bichromatic laser beams and set φ r = φ b = 0. The effective Hamiltonian is achieved as follows:
whereH D is the displacement Hamiltonian. If the bichromatic laser beams act for a period of time t = n ηΩ , the Gauss wave function (13) will be altered to:
We use herein the position representation and eigenstate of σ x with eigenvalue 1, such thatx → x and σ x → 1. Similarly, the bichromatic laser beams can be added to the y-direction, and the wave function can be achieved as follows:
where m, n 0. The initial wave functions in Figs. 2 and 3 are described by equation (16) with a particular m, n. The average momenta of (16) are:
The wave packet solution of the Weyl equation is the superposition state of the positive and negative energy solutions with different momenta:
(pxx+pyy−Et) dp x dp y
pxx+pyy+Et) dp x dp y , where E = c p 2
If the initial state is described as (16) , χ + and χ − reads:
Substituting Eqs. (19a) and (19b) into Eq. (18), the wave function at t, Ψ L (t, x, y) can be derived. Figs. 2b and 3 (graphics (b) and (c)) show the possibility distributions, |Ψ + | 2 and |Ψ − | 2 (inverted), in different average momenta at t = 0, 1.5, 3. In Fig. 2b , the overlap between Ψ + and Ψ − always exists, leading to the Zitterbewegung. The wave packets in Fig. 2 move in the x-direction, but not in the y-direction. Fig. 3 (graphics (b) and (c)) shows that the overlap reduces or even disappears over time, leading to fading of the Zitterbewegung. The wave packet in Fig. 3b has movement in both x-and y-directions. Fig. 3c shows almost pure positive energy wave packets. The negative energy wave packets are too small to be seen. Fig. 3d shows the inverted |Ψ − | 2 with p x = − ∆ , p y = 0. Two peaks are illustrated in Fig.  3d .
In the Heisenberg picture, the position operator of the Weyl fermions as a function of time is presented as: 
The average value of the operator r(t) is:
Figs. 2a and 3a show the average position r(t) of the Weyl fermions with different average momenta, which represent a 2-dimensional Zitterbewegung behavior. In Fig. 2a , the destructive interference between different momentum components leads to ŷ(t) = 0, while the constructive interference leads to x(t) = 0. Even though the magnitude of velocity equals the speed of light for each positive and negative energy solution, the average velocity of the wave packet is always lower than the speed of light because the wave packet includes parts with opposite direction velocity.
Figs. 2 and 3 show that when |Ψ + | 2 and |Ψ − | 2 overlap, the Zitterbewegung phenomenon exists. The Zitterbewegung also disappears when the overlap disappears. Therefore, the Zitterbewegung originates from the interference of positive and negative energy wave functions. Figs. 2 and 3 also show that the average position of the simulated Weyl fermion not only depends on the interference of positive and negative energy wave functions, but also on the interference of different momentum components. The interference between different momentum components evolves the central symmetric wave function into a noncentral symmetric one. This interesting phenomenon of a single Weyl fermion might enhance our understanding of neutrinos. 
MEASUREMENT METHOD
We will provide herein a method to test the Zitterbewegung and possibility distribution in the experiment. We apply the bichromatic laser beams in the y-direction only and set φ r = φ b = 0. The effective Hamiltonian is then presented as:
The unitary operator is:
where k = 2ηΩ ∆ t. The observable quantity is:
We define |+ z as the eigenstate of σ z with eigenvalue +1 and |+ y as the eigenstate of σ y with eigenvalue +1. We obtain the following if the initial state is the eigenstate of σ z :
Similarly, we have:
where ρ z (t) = e|+ z and ρ y (t) = e|+ y . |ρ z (t)| 2 and |ρ y (t)| 2 are the quantities that can be directly measured by the electron shelving method. |ρ z (t)| 2 (|ρ y (t)| 2 ) is the population possibility of the excitation state |1 with the initial state |+ z (|+ y ). The exponential function of kŷ is obtained as follows:
The Fourier transformation of e ikŷ is presented as: 
CONCLUSION
We provided herein a proposal for simulating a 1 + 2-dimension Weyl equation by a single trapped ion. The phenomenon of the two-dimensional Zitterbewegung of the Weyl fermions is discussed. Zitterbewegung originates from the interference of Ψ + and Ψ − . Even though the initial state of the Weyl fermions is central symmetric in the two-dimension position space and momentum space, the interference between the different momentum wave functions leads to zero motion in the y-direction and nonzero motion in the x-direction and evolves the central symmetric wave function into a noncentral symmetric one. Studying the dynamics of a single particle to multi-particles, relativistic to non-relativistic, spin-0 to spin- 11174370, 11304387, 61632021, 11305262, 61205108, and 11574398.
